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I. INTRODUCTION
Hadrons are composed of quarks and anti-quarks and are considered to be governed by Quantum Chromodynamics, at least in principle. Since QCD describes a strong coupling interaction, perturbative calculation of physical quantities of hadrons is not so reliable other than the deep inelastic region where the coupling constant becomes weak due to asymptotic freedom and hence other methods like lattice gauge theory have been developed to take into account nonperturbative effects. However, the situation has dramatically changed when it is discovered that the system of heavy hadrons, composed of one heavy quark Q and light quarks q or anti-quarksq, can be systematically expanded in 1/m Q with a heavy quark mass, m Q . The numerator of this expansion in 1/m Q could be either Λ QCD or m q .
This theory, HQET (Heavy Quark Effective Theory), [1] is applied to many aspects of high energy theories and many kinds of physical quantities of QCD which can be perturbatively calculated in 1/m Q . Especially those regarding B meson physics, e.g., the lowest order form factor ( which is now called Isgur-Wise function ) of the semileptonic weak decay process B → Dℓν and the Kobayashi-Maskawa matrix element V cb , have been calculated by many people. [2] However, since applications of HQET to higher order perturbative calculations are very restricted, only forms of higher order operators are obtained. Their Wilson coefficients are calculable but some of the matrix elements of those operators are obtained so that the whole quantity be somehow fitted with the experimental data. [3] This is because most of the calculations based on HQET do not introduce realistic heavy meson wave functions and hence there is no way to determine those quantities completely within the model.
In the former papers [4, 5] , using the Foldy-Wouthuysen-Tani transformation [6] we have developed a formulation so that the Schrödinger equation for a Qq bound state can be expanded in terms of 1/m Q , i.e., the resulting eigenvalues as well as wave functions are obtained order by order in 1/m Q . In this paper, as one of the applications of our formulation we will calculate heavy meson spectrum of D and B, and their higher spin states. In order to do so, we would like to start from introducing phenomenological dynamics, i.e., assuming Coulomb-like vector and confining scalar potentials to Qq bound states (heavy mesons), Theory, e.g., the parameters, λ 1 , λ 2 , andΛ in Sect. IV. The final goal of this approach is to obtain higher order corrections to Isgur-Wise functions, decay constants of heavy mesons, and the Kobayashi-Maskawa matrix element, V cb , by using wave functions of heavy mesons obtained so that heavy meson spectrum is fitted with the experimental data.
Below in Sects. II and III we will first give formulation of this study and next in Sects. IV and V give quantitative and qualitative discussions on the obtained results.
II. HAMILTONIAN
The hamiltonian density for our problem is given by
where we consider only a scalar confining potential, O s = 1, V s = S(r), and a vector potential, O v = γ µ , V v = V (r), with a relative radial variable r, which we think the best choice to phenomenologically describe the meson mass levels. [7, 8] The state of Qq is defined by
where q c (x) is a charge conjugate field of a light quark q and the conjugate state of Qq by ψ| = |ψ † with 0| ≡ |0 † . From these definitions, we obtain the Schrödinger equation as
where the bound state mass, E, is split into two parts, m Q andẼ (= E − m Q ), so that it expresses the fact that the heavy quark mass is dominant in the bound state, Qq, and ψ is nothing but the wave function which appears in the rhs of Eq. (3) .
Operating with the FWT transformation and a charge conjugation operator, which are defined in the Appendix A, only on a heavy quark sector in this equation at the center of the mass system of a bound state, one can modify the Schrödinger equation given by Eq. (4) as,
where a notation ⊗ is introduced to denote that gamma matrices of a light anti-quark is multiplied from left while those of a heavy quark from right. The problem of this paper is to solve this equation, Eq. (5) in powers of 1/m Q . As described first in this section, interaction terms are given by a confining scalar potential and a Coulomb vector potential with transverse interaction [9] and a total hamiltonian is given by
where scalar and vector potentials are given by
α s r and n = r r ,
and the vector potential is averaged over longitudinal as well as transverse as given in the last term of Eq. (6) . The transformed hamiltonian is expanded in 1/m Q as
where
Here H i stands for the i-th order expanded hamiltonian and since a bound state is at rest,
are defined, where primed quantities are final momenta and the relation of these momenta with particles is depicted in Fig. 1 .
Details of derivation of equations in this section are given in the Appendix A.
III. PERTURBATION
Using the hamiltonian obtained in the last section, we give in this section the Schrödinger equation order by order in 1/m Q . Details of the derivation in this section are given in the Appendix B. First we introduce projection operators:
which correspond to positive-/negative-energy projection operators for a heavy quark sector at the rest frame of a bound state. These are given by (1 ± v /)/2 in the moving frame of a bound state with v µ the four-velocity of a bound state. Then we expand the mass and wave function of a bound state in 1/m Q as
where ℓ stands for a set of quantum numbers that distinguish independent eigenfunctions of the lowest order Schrödinger equation, and a subscript i of E A. -1st order
The -1st order Schrödinger equation in 1/m Q gives
whose explicit form is solved in the Appendix C and is given by
Here ℓ stands for a set of quantum numbers, j, m, and k and
where j is a total angular momentum of a meson, m is its z component, k is a quantum number which takes only values, k = ±j, ±(j + 1) and = 0, and u k (r) and v k (r) are polynomials of a radial variable r. y k j m (Ω) are functions of angles and spinors of a total angular momentum, j = l + s q + s Q . The corresponding operator for the quantum number k is given by
which satisfies
i.e.,
with H −− 0 being given in the Appendix D, the lowest order non-trivial hamiltonian,
Note that since charge conjugation operates on the heavy quark sector the Λ − projection operator appears in Eq. (14), i.e., positive components of Q corresponds to negative components of U c Q.
B. Zero-th order
The zero-th order equations are given by
Eq. (20) gives the lowest non-trivial Schrödinger equation with a solution given by Eq. (15) and n = r/r . Detailed analysis of this equation is given in Appendix C. Λ + components of wave functions can be expanded in terms of the eigenfunctions,
Expanding Λ + ⊗ ψ ℓ 1 in terms of this set of eigenfunctions, one can obtain the solution for
Eq. (21) as
with the coefficients,
Here the inner product is defined to be
and the zero-th order wave functions are normalized to be 1,
C. 1st order
The 1st order equation is given by
Multiplying projection operators Λ ± from right with the above equation, and expanding ψ
one obtains
which gives the first order perturbation correction to the mass when one calculates matrix elements of the rhs among eigenfunctions and
This completes the solution for ψ
Here we have used the normalization for the total wave function, ψ ℓ , as
where we have neglected color indices in this paper and hence a color factor, N c = 3, in the above equation since it does not change the essential arguments. This definition of Eq. (32) is admitted because here we are not calculating the absolute value of the form factors. The appropriate normalization (normally given by 2E with a bound state mass E) will be adopted in future papers in which we will calculate some form factors. This way of solving Eq. (27) is unique and we will use this method below to solve similar equations appearing subsection Actually this method has been already used to obtain Eqs. (20, 21) and to solve Eq. (21) One obtains Λ + ⊗ ψ ℓ 2 as in the former subsection,
D. 2nd order
The 2nd order equation is given by
As in the above case (1st order), we obtain
which gives the second order perturbation corrections to the mass and
Although we do not need in this paper, one obtains Λ + ⊗ ψ ℓ 3 as
IV. NUMERICAL ANALYSIS
In this section, we give numerical analysis of our analytical calculations obtained in the former sections order by order in 1/m Q . In order to solve Eq. (20), we have to numerically obtain a radial part of the wave function, Ψ
detailed properties of which are described in the Appendix C. As described in the same Appendix, the lowest order, non-trivial Schrödinger equation is reduced into Eq. (C25),
This eigenvalue equation is numerically solved by taking into account the asymptotic behaviors at both r → 0 and r → ∞ and the forms of u k (r) and v k (r) are given by
and w k (r) is a finite series of a polynomial of r
which takes different coefficients for u k (r) and v k (r).
i) We have fixed the value of a light quark mass, m q , to be 0.01 GeV as listed in Table I since only in the vicinity of this value the D and D * masses can be fitted with the experimental values. We believe that when the mass, m q = m u = m d , is running with momentum these are the correct current quark mass since the momentum is given by the order of the B meson mass (∼ 5 GeV) [13] though we have not used the running mass to solve the Schrödinger equation. We have adopted N − 1 = 7 for the highest power of r that gives sixteen solutions to Eq. (42), half of which corresponds to negative energies and another half to positive ones of q c state. The lowest eigenvalue of the positive energies is assigned to the physical state. That is, although we have a node quantum number, n, other than j, m, and k, for Eq. (42), we take only the n = 0 solution for each value of k and j quantum numbers and we do not take into account higher order node solutions in this paper. The lowest positive eigenvalue solution for N = 8 gives the one closest to the zero node compared with other N. That is, other N gives a rather oscillatory solution.
In the case of a Hydrogen atom, for instance, only the Coulomb potential V ∼ 1/r survives in the above problem and a radial function, w k (r), becomes a hypergeometric function and its finite series of a polynomial gives discrete energy levels. In our case, since the potential includes a scalar term we can not analytically solve the above reduced Schrödinger equation, Eq. (42). If we force to make the functions, u k (r) and v k (r), finite series and relate the coefficients of those functions via recursive equations, it leads us to inconsistency among coefficients of each term, r i , of a polynomial. We just assume in this paper that u k (r) and v k (r) are trial finite polynomial functions of r.
ii) To first determine the parameters, α s , a, and b appearing in the potentials given by
Eq. (7), and m c , we have calculated the chi square defined by these parameters which give the least value of χ 2 , which is given in Table II. iii) The s quark mass, m s , is determined so that the similar equation to Eq. (46) Table I . Table I iv) There are two types of solutions to optimal values for these parameters, i.e., one set for b < 0 which is listed in Table II , and another for b > 0. However, the solution for b > 0
gives large difference between calculated values and observed ones for higher order spins and also gives negative values for some spectrum even though the lowest lying sates are in good agreement with the observed ones. Hence we disregard this set of parameters.
Tables III ∼ X give calculated values, M calc , together with the zero-th order masses, M 0 that are degenerate with the same value of k, ratios, p i /M 0 and n i /M 0 , and the observed values, M obs . Here the heavy meson mass, E H , is expanded in 1/m Q up to the n-th order as
with M 0 = m Q + E 0 being the degenerate mass, p i the i-th order correction from positive components of a heavy meson wave function, and n i the i-th order correction from negative components. Note also that the exponential factor in the brackets in the first row of each table should be multiplied with a value of each column except for those with the explicit exponential factor. Table XI Here J in J P and 2S+1 L J is the same as a total angular momentum, j, in the Table XI. Although the states can be completely classified in terms of two quantum numbers, k and j, we would like ordinarily to classify them in terms of 2S+1 L J . However, the states classified by J P = 1 + and 2 − , are mixtures of two states in terms of 2S+1 L J as given by the Table   XI . We would approximately regard the state (k, j)=(1, 1) with " 3 P 1 ", (-2, 1) with "
and (2, 2) with " 3 D 2 ", respectively, whose legitimacy can be supported by calculating the coefficient of each state 2S+1 L J included in the mixture state. We denote them with double quotations so that they remind us an approximate representation of the state in terms of 2S+1 L J . Using Eq. (C6) in Appendix C, their relations are given by One may also notice that the s quark mass listed in Table II is relatively small (∼ 90
MeV) compared with the conventionally used values, ∼ 150 GeV, which is regarded as the current quark mass. It is interesting to note that these values are also obtained as m s (µ = 2 GeV) in the recent lattice QCD calculations. [15] vi) Two states, pseudoscalar (0 − ) and vector (1 − ) , are degenerate at the zero-th order in 1/m Q since the eigenvalue E k 0 for these states depends on the same quantum number k = −1, which are split into two via the heavy quark spin interaction terms, like
and all terms in
given by Eq. (D10). Similar resolution of the degeneracy among the states with the same value of k occurs via the same interaction terms.
vii) The simple-minded heavy meson mass formula given by
holds exactly at the first order calculation. This is because the zero-th order mass of two states with the same k is degenerate and by definition the first order correction to this mass is proportional to 1/m Q as given by H 1 of Eq. (9) or by H α β 1 of Eq. (D10). To see Eq. (50) as an prediction, replacing E X with the observed values M X we obtain at the first order,
which should be compared with the experimental value, 0.326. This discrepancy between the calculated and the observed comes from our calculation of B meson mass spectrum listed in Table V viii) The so-calledΛ parameter can be calculated using the definition [3] Λ = lim
where E H , M 0 , and m Q are calculated heavy meson mass, the lowest degenerate bound state mass, and a heavy quark mass, respectively. Difference of M 0 and m Q is nothing but the lowest leading eigenvalue, E k 0 , with k = −1 in our model. From Tables III and IV and m c = 1.457 listed in Table II , one obtains at the first order
and from Tables III and IV and m c = 1.347 listed in Table II , one obtains at the second
are the calculated lowest order D meson mass defined by Eq. (52).
ix) Parameters which give nonperturbative corrections to inclusive semileptonic B decays are defined as [16, 17] ,
where h v is the heavy quark field in the HQET with velocity v. d H = 3, −1 for pseudoscalar or vector mesons, respectively. Then the heavy meson mass can be expanded in terms of the heavy quark mass, λ 1 , λ 2 , andΛ, as
The first order calculation in 1/m Q makes 2λ 2 equal to Eq. (50) and the λ 1 can be calculated using the above equation as
whereẼ B andẼ B * are the calculated B meson masses without the second order corrections.
The results are given by, at the first order,
and at the second order,
Here we notice that although the first term in Eq. (60) is expected to be ∼ O(1) we find it to be small from Table V at the first order and obtain the approximate relation,
These values should be compared with those in Ref. [18] , which giveΛ u = 0.39 ± 0.11 GeV,
10 GeV 2 , and λ 2 ≃ 0.12 GeV 2 .
x) Recently, it has been pointed out that the kinetic energy of heavy quark inside a heavy meson plays an important role in the determination of the ratios
, and |V ub /V cb |, in which use has been made the Gaussian form for the heavy meson wave function and has been adopted the so-called Cornell potential, the same as ours. [19] They have derived the relation of these physical quantities in terms of the Fermi momentum, p F , introduced in [20] in which p F is related to a heavy quark recoil momentum, p , by
where the momentum probability distribution function is given by
They calculated the lhs of Eq. (65) 
and the second order gives p 2 = 0.562 GeV 2 , which should be compared with the latest values p F = 0.5 −0.6 GeV calculated in [19] which correspond to p 2 = 0.375 −0.540 GeV 2 .
xi) When one takes an overall look at the calculated masses, the negative component contributions, n i /M 0 , are relatively large for both scalar states, 0 ± , at the first as well as second order even though they become very small for higher spin states. Positive components constantly contribute to all states. When one compares the first order with the second order calculations, one can not conclude that the second order is better than the first as a whole although higher spin states of D and B are largely improved at the second order. This conclusion may be also supported by the comparison of the first and second order calculations of the parameters, λ 1 , λ 2 , andΛ with other calculations. [18] In order to incorporate the second order effects properly, one may need to introduce a different potential and/or method from ours as mentioned in v) in this section.
We have used the following algorithms to numerically calculate the heavy meson masses, Gauss-Hermite quadrature to evaluate integrals and the tridiagonal QL implicit method to determine the eigenvalues and eigenvectors of a finite dimensional real matrix. [21] V. COMMENTS AND DISCUSSIONS
In this paper, we have calculated heavy meson masses like
, and B * (s) based on the formulation proposed before, [4] which develops the perturbation potential theory in terms of inverse power of a heavy quark mass. The first and second order calculations of masses are in good agreement with the experimental data except for the higher spin states even though the second order calculation does not much improve the first order. The first order calculation of the HQET quantities, λ 1 , λ 2 , andΛ, are also in good agreement with the other calculations. [18] A new study on the HQET introduced the Fermi momentum, p F , to obtain other physical quantities. [19] Although we have not had p F in our mind at the begining of this study, the obtained value given by Eq. (67) is in good agreement with what they have obtained. [19] We have also found a new symmetry already mentioned in the paper [4] and realized by the operator, Eq. (17),
which is always present when one considers a centrally symmetric potential model for two particles or when one takes a rest frame limit of a general relativistic form of the wave function and is related to a light quark spin structure, i.e., y k j m (Ω). That is, this is quite a general symmetry, not a special feature peculiar to our potential model.
One can easily see degeneracy among the lowest lying pseudoscalar and vector states as follows. Define
where the inverse of the charge conjugate operator, U 
Since these states have the same quantum number k = −1, these have the same masses as well as the same wave functions up to the zero-th order calculation in 1/m Q . That is, the degeneracy among these states is simply the result of the special property of the eigenvalue equation. Higher order corrections can be obtained by developing perturbation of energy and wave function for each state in terms of Λ QCD /m Q as given by Eqs. (12, 13) ,
Finally we would like to discuss qualitative features of form factors/ Isgur-Wise functions.
Let us think about to calculate form factors for semileptonic decay of B meson into D.
Taking a simple form for the lowest lying wave function both for B and D as
where a parameter b is determined by a variational principle, δ(Ψ 1S † HΨ 1S ) = 0. Then form factors are given by
where To conclude, although there have been various relativistic bound state equations proposed so far, nobody has yet determined what the most preferable is. We believe that our approach presented here must be a promising candidate.
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APPENDIX A: SCHRÖDINGER EQUATION
In order to derive Eq. (4) or Eq. (5), we need to calculate the expectation value,
by using the equal-time anti-commutation relations among quark fields,
Since the wave function, ψ α β (x − y) defined in Eq. (3), is normalized to be constant, what we need to do is to variate Eq. (A1) in terms of ψ α β (x − y) and to set it equal to zero. Then we can easily obtain Eq. (4) with the effective hamiltonian given by Eq. (6) . In the course of this derivation, it appears to be clear that p only operates on wave functions while q only on potentials.
To derive the FWT and charge conjugate transformed Schrödinger equation given by Eq. (5), we have used the following definitions:
Note that the argument of the FWT transformation, U F W T , operating on a hamiltonian from left is different from the right-operating one, since an outgoing momentum, p Q ′ , is different from an incoming one, p Q . However, here in our study we work in a configuration space which means momenta are nothing but the derivative operators and when we write them is introduced so that a heavy quark inside a heavy meson be treated as a non-relativistic color source. The charge conjugation operator, U c , is introduced so that gamma matrices of a light anti-quark is multiplied from left while those of a heavy quark from right, which is expressed by using a notation ⊗.
To derive Eqs. (9), we need to first expand H FWT in 1/m Q and then take into account the following properties of a charge conjugation operator,
, to obtain the final expressions,
where a superscript T means its transposed matrix.
APPENDIX B: DERIVATION OF PERTURBATION
In this Appendix we will follow the paper [4] to derive perturbative Schrödinger equation for a hamiltonian given by Eq. (6) for consistency. Following that paper, we will give an equation at each order by using the explicit interaction terms given by Eqs. (9). Here we quote the same equations given in the former sections for clarification of derivation. The fundamental Schrödinger equation is given by
and expansion of each quantity in 1/m Q is given by
With a help of projection operators defined by
we will derive the Schrödinger equation at each order.
-1st order
From Eqs. (B1) and (B2), the -1st order Schrödinger equation in 1/m Q is given by
which means
Remember that matrices of a heavy quark should be multiplied from right. That is, the zero-th order wave function has only a positive component of the heavy quark sector and is given by
where f ℓ and g ℓ are 2 by 2 matrices. More explicit form of this wave function is given in the Appendix C.
Zero-th order
The zero-th order equation is given by
Multiplying projection operators, Λ ± , from right, respectively, we obtain
whose explicit forms are given by Eqs. (20) and (21), where use has been made of
Detailed analysis of Eq. (B8) is given in the Appendix C. When one expands Λ + components of ψ ℓ 1 in terms of the eigenfunctions,
like
one can solve Eq. (B9) to obtain coefficients, c
whose explicit form is given by Eq. (24). Here in this paper the eigenfunctions, Ψ ± ℓ are normalized to be 1,
1st order
As in the above case, multiplying projection operators from right, we obtain
The first equation, Eq. (B15), can be solved like in the ordinary perturbation theory of quantum mechanics. First expanding ψ
and next taking the inner product of the whole Eq. (B15) with Ψ + k , one obtains
where we have used the orthogonality condition, Eq. (B13), and the lowest Schrödinger equation, Eq. (B8), to obtain the first term of the lhs and two terms of the rhs of Eq. (B18).
When one sets k = ℓ in Eq. (B18), one obtains
which gives the first order perturbation correction to the mass when one calculates matrix elements of the rhs among eigenfunctions, Ψ ± k , like in the ordinary perturbation of quantum mechanics. When one sets k = ℓ in Eq. (B18), one obtains c ℓ k
The coefficient c k k
1+ cannot be determined by the above equation, which can be derived by calculating a normalization of the total wave function up to the first order, i.e., setting
one obtains coefficients, c
2nd order
As in the above cases, multiplying projection operators from right we obtain
Again to solve the first equation, Eq. (B26), first expanding ψ
and next taking the inner product of the whole Eq. (B26) with Ψ + k , one obtains
where we have used the orthogonality condition, Eq. (B13), and the lowest Schrödinger equation, Eq. (B8), to obtain the first term of the lhs and three terms of the rhs of Eq.
(B29). When one sets k = ℓ in Eq. (B29), since c ℓ ℓ
which gives the second order perturbation corrections to the mass when one calculates matrix elements of the rhs among eigenfunctions. When one sets k = ℓ in Eq. (B29), one obtains c ℓ k
The coefficient c k k 2+ can be derived by calculating a normalization of the total wave function up to the second order, Eq. (B21), which gives c k k
This completes the solution for ψ and Λ + ⊗ ψ ℓ 2 given in the subsections III B and III C, i.e., setting There have been a couple of trials to solve Eq. (20) . [10, 11, 7] In order to solve the lowest non-trivial eigenvalue equation given by Eq. (20), i.e.,
we summarize and refresh the previous results. First we need to introduce the so-called vector spherical harmonics which are defined by
where Y m j are spherical polynomials (or surface harmonics). These vector spherical harmonics satisfy the orthogonality condition:
where dΩ = sin θdθdφ. This is nothing but a set of eigenfunctions for a spin-1 particle. In this paper we need their spinor representation and also need to unitary-transform them to obtain the functions, y k j m , as
j m (A=L, M, E) are eigenfunctions of j 2 and j z , having the eigenvalues, j(j + 1) and m.
Parities are assigned as (−) j+1 , (−) j , (−) j+1 for A=L, M, E, respectively, and Y m j has a parity (−) j . Here
and s q = σ q /2 and s Q = σ Q /2 are spin operators of light anti-quark and heavy quark, respectively. y k j m are 2 × 2-matrix eigenfunctions of three operators, j 2 , j z , and σ · ℓ with eigenvalues, j(j + 1), m, and −(k + 1), and satisfy
Here the quantum number k can take only values, ±j, or ±(j + 1), and = 0 since Y correspondence to those defined in Ref. [7] as:
and
The explicit expressions of the first few y k j m are given by
where we have used
In order to solve Eq. (C1), one can in general assume the form of the solution as
where ℓ stands for all the quantum numbers, j, m, and k and
Since the effective lowest order hamiltonian does not include the heavy quark matrices, one can exclude the symbol ⊗ from Eq. (C1). The form of a radial wave function is in general given by
Substituting this into Eq. (C1), multiplying y k j m † from left and using the orthogonality equation for y k j m , Eq. (C8), the simultaneous equations for f i k and g i k are obtained and after some calculations the final form of the wave function is determined to be either
where Pauli matrices σ are all for a light quark. Because of Eq. (C18), we generally define the eigenfunction, Ψ k j m , given by Eq. (C17). Then the reduced Schrödinger equation is given
with
Here defined also are
Finally introducing the unitary matrix,
one can transform eigenvalue equation as well as eigenfunctions into
Then the solution to Eq. (20) is given by
Throughout the above derivation, use has been made of formulae given in the next Appendix.
In order to see the spin-flavor symmetry in our case, the explicit form of each lowest order wave function is given as follows in the case of J P = 0 − , 1 − . That these states are degenerate can be easily seen from the eigenvalue equation where the eigenvalue E k 0 depends only on the quantum number k and these states have the same value k = −1. The pseudo-scalar state (J P = 0 − ) is given by
and the vector state (
where use has been made of Eqs. (C11, C12). These are transformed into each other via the
Here one has to remember that ǫ 2 = −1 and also that we omit the U 
which requires to calculate the zero-th order matrix elements. Here one must notice the following relation,
The coefficient c ℓ k 1+ is given by, for ℓ = k, c ℓ k
Using Eq. (D2), the first order energy correction is given by
Simplifying Eq. (34), one obtains
Although it is apparent that E k 1 is always real from Eq. (D4), it is not clear whether Eq. (D7) is real or not. We will rewrite Eq. (D7) so that reality of E k 2 is manifest as follows.
whose expression is apparently real.
In the above derivation, we have used the projected hamiltonian at each order, H α β i , which is defined by
is composed of Dirac matrices, α, β, Σ, and γ 5 .
[12]
Use has been made of the following formulae for the gamma matrices,
Matrix elements of interaction terms among eigenfunctions are calculated below. Degeneracy can be resolved by heavy quark spin-dependent terms which includes α Q and/or Σ Q dependent terms, i.e., the last terms of H The formulae necessary for calculating the matrix elements are given below when oper- (
a. First order terms
To calculate Eqs. (29, 30) , one needs the following Λ − − Λ − matrix elements,
where the sets of quantum numbers are given by ℓ = (j, m, k) and ℓ ′ = (j, m, k ′ ). Some simplification occurs because V (r) ∼ 1/r hence V ′ = −V /r. Each matrix element of the first order interaction terms is given below.
where Φ k (r) is defined by Eq. (C26) in the Appendix C. Some non-vanishing matrix elements of the last term of Eq. (D20) are given by
and their complex conjugates.
b. Second order terms
To calculate Eqs. (36, 37), one needs the following Λ − − Λ − matrix elements,
Each matrix element of the second order interaction terms is given below.
Since V = −4α s /3r and ∆
, we need to calculate
Nonvanishing matrix elements of the last term of Eq. (D24) are given by
and their complex conjugates. (24) is the only matrix element to be needed in the later calculations at the zero-th order, which is again given here,
Non-vanishing matrix elements are given by
b. First order terms
The first order Λ − − Λ + matrix element is given by
Non-vanishing matrix elements are given by, for k = −(j + 1), or j,
and their complex conjugates. Note that when one takes complex conjugate, derivative operators do not operate on S ′ and V ′ but on a wave function, Φ ℓ . Here matrix elements computed by eigenfunctions with the same k's are called "diagonal"
Matrix elements of interaction terms, H
and others with different k's are "off-diagonal". Calculating all the matrix elements from the hamiltonian given in the Section II, total mass matrix is given by, up to the second order
Here superscripts mean the order of 1/m Q , k and k ′ stand for k quantum number, and j for the total angular momentum. For instance, V 
where the integer in the brackets is a value of a total angular momentum, j, and it turns out that this matrix is hermitian, i.e., c 
